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Distinguishing hot from cold is the most primitive form of thermometry. Here we consider how
well this task can be performed using a single qubit to distinguish between two different temperatures
of a bosonic bath. In this simple setting, we find that letting the qubit equilibrate with the bath
is not optimal, and depending on the interaction time it may be advantageous for the qubit to
start in a state with some quantum coherence. We also briefly consider the case that the qubit is
initially entangled with a second qubit that is not put into contact with the bath, and show that
entanglement allows for even better thermometry.
PACS numbers: 03.67.-a 03.65.Ta 03.65.Yz
A standard classical thermometer begins in thermal
equilibrium and is used by observing a subsequent change
in its macroscopic state, once the thermometer has equi-
librated with the object (henceforth simply called the
bath) whose temperature it indicates. A good thermome-
ter is small, so that it does not significantly disturb the
temperature of the bath in the process, although the
number of microstates consistent with its initial and fi-
nal macrostates will still be large. The (weak) coupling
between the thermometer and bath leads to quasi-static
evolution [1].
Here we consider a quantum extreme of temperature
measurement that differs from this classical scenario in
several ways. Firstly, we will be interested in the small-
est possible thermometer, namely a single qubit. This is
motivated by the observation that for nanoscale experi-
ments, the bath (e.g. a micromechanical resonator) may
itself be very small, necessitating an even smaller ther-
mometer (a motivation also for [2]). Secondly, we will be
interested in temperature measurements that take place
over times potentially much shorter than the time it takes
for the qubit thermometer to get close to equilibrium
with the bath, as investigated in [3]. This is motivated
by the observation that certain baths (e.g. a small cloud
of cold atomic gas) may be difficult to create and then
maintain for long times [4]. Two-level atomic quantum
dots have previously been suggested as thermometers for
BECs [5, 6], but there are fundamental limits to how pre-
cisely we can measure the temperature of quantum gases
[7]. Finally the initial state of the qubit thermometer
need not be thermal, and therefore at intermediate times
the state of the qubit also need not be close to thermal.
This will allow us to examine whether quantum coher-
ence can play a useful role in such thermometry.
We consider an extremely simple version of thermom-
etry, where the goal is simply to determine whether a
standard bosonic bath is cold or hot, i.e. at temperature
T1 or temperature T2 > T1 where the two possible bath
temperatures T1, T2 are known. We focus on this sim-
ple setting because it is sufficient for revealing curious
physical principles. Our goal is not to propose a practi-
cal implementation of thermometry, instead we want to
strip away many of the complex and technical choices
that one generally must make in quantum metrology. By
abstracting and simplifying the thermometry scenario we
ascertain the importance of transient dynamics. Note
that qubit thermometry for an unknown bath tempera-
ture is analysed in [8]. Generalizations to non-Markovian
baths are considered in [9, 10].
We use units where Planck’s constant ~ and Boltz-
mann’s constant kB are both 1, and time τ appears in
the “dimensionless time” t = γτ , where γ is the qubit’s
spontaneous emission rate induced by the coupling to
the bath. By convention we take the ground state of the
qubit to be |1〉 and the excited state to be |0〉. The energy
difference ω of these states must be large compared to
γ for a standard Markovian decoherence model (master
equation) to apply [11, 12], which it will do on timescales
τ  1/ω, 1/T . The bath temperatures Ti must also be
large compared to γ, however the average boson occupa-
tion number for the bath N¯i = (e
ω/Ti − 1)−1 can vary
arbitrarily, as the ratio ω/Ti is not constrained in order
for the analysis to apply.
We work with a model in which the qubit thermometer
interacts with a bath, and the bath is in thermal equi-
librium. The qubit, which is represented by a two-level
system, is prepared in a known state with Bloch vector
r(0) = (rx, ry, rz) = (R sin θ cosφ,R sin θ sinφ,R cos θ).
The qubit is coupled to the bath at time t = 0 and they
interact for a fixed time t at which point the qubit is
decoupled from the bath and a measurement is made.
During the interaction, the qubit’s state has evolved ac-
cording to a standard master equation [11]. At time t its
Bloch vector is given by
r(t, T ) =
 rxe
−(1+2N¯)t/2
rye
−(1+2N¯)t/2
e−(1+2N¯)t(1+(1+2N¯)rz)−1
1+2N¯
 (1)
The mean bosonic occupation number N¯ always appears
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1 + 2N¯ = coth
(
1
2T
)
:= n(T ) (2)
and we denote n(Ti) = ni, r(t, Ti) = ri(t), i = 1, 2.
Given that we know that at time t the qubit is either in
r1(t) or r2(t), we measure the qubit in the basis that has
the highest probability to distinguish the two possible
states. For two qubits, the maximal probability is
1
2
(
1 +
1
2
|r1(t)− r2(t)|
)
=:
1
2
(
1 +
1
2
∆(r1(t), r2(t))
)
,
where |...| denotes the Euclidean distance between the
two vectors. We find
∆(r1(t), r2(t))
2 = A2R2 sin2 θ + (BR cos θ − C)2 ,
where
A = A(n1, n2, t) := e
−n1t/2 − e−n2t/2
B = B(n1, n2, t) := e
−n1t − e−n2t
C = C(n1, n2, t) :=
1− e−n1t
n1
− 1− e
−n2t
n2
Note any φ dependence in the initial state drops out.
Since A,B,C ≥ 0 for T1 < T2 (implying n1 < n2), our
first observation is that |r1(t)− r2(t)| will be maximized
for pi/2 ≤ θ ≤ pi, and within this range we should take
R = 1, i.e. the initial state of the qubit to be pure. This
already tells us that, for example, starting the qubit in
the excited state θ = 0 will not be optimal. However,
because there are interesting dynamics for states with
0 ≤ θ ≤ pi/2 we will occasionally consider θ over its full
range. Henceforth we always take the initial state pure,
and therefore
∆(t, θ|T1, T2)2 = A2 sin2 θ + (B cos θ − C)2 .
For long times the qubit will reach equilibrium, the dis-
tinguishability of the two equilibrium states is deter-
mined by ∆(∞, θ|T1, T2) := ∆∞ = n−11 − n−12 .
To quantify the performance of the qubit thermome-
ter compared to that of its thermalized counterpart, we
normalise the Euclidean distance ∆(t, θ|T1, T2) to ∆∞.
Figure 1 illustrates the performance of the qubit ther-
mometer for a particular combination of possible bath
temperatures (corresponding to n1 = 12, n2 = 20). From
the figure we immediately note several interesting fea-
tures. These features hold for all finite temperatures,
unless stated otherwise.
• It is certainly possible to do better than waiting
until the qubit ‘thermometer’ equilibrates with the
bath, i.e. at some intermediate times the two pos-
sible trajectories are further apart than the equi-
librium distance.
• The global maximum in the distinguishability is a
sharp peak after a short time, corresponding to the
case of initialising the qubit in the ground state
(θ = pi). Therefore if the interaction time can be
finely tuned this strategy is optimal.
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FIG. 1. (Color online) Variation of the Euclidean distance ∆,
normalised to ∆∞, versus t (dimensionless) and θ, for n1=12,
n2 = 20. (Top) Contours of ∆(t, θ|T1, T2)/∆∞. The blue
(dashed) line indicates the value of θ that maximises ∆ for
each t. (Bottom) ∆/∆∞ for values of various θ.
• After some finite time the optimal initial state
rapidly changes from being the ground state to
something close to maximally coherent, θ = pi/2.
Note that the optimal initial coherent state depends
on the choice of ni.
• At each instant of time, the optimal strategy has
θ ∈ [pi/2, pi].
• Initial states that begin with coherence decay to the
equilibrium distance ∆∞ slower than those with-
out.
• Beginning in the excited state θ = 0 there is a finite
time where the trace distance goes to 0.
We now turn to elucidating a few of these observations.
For what fixed time of interaction t does using coher-
ence in the initial state become better than starting the
3qubit in the ground state? Intriguingly we find that there
is a fixed finite time t∗ up to which starting in the ground
state is optimal, and after which starting in a state with
some coherence performs better. It can be readily shown
that t∗ is the solution to A2 −B2 = BC for fixed n1, n2,
although there appears to be no closed form solution in
this case.
For times t < t∗, the optimum strategy (which is also
globally optimal) is to initialise the qubit in the ground
state, for which the distinguishability
∆g = B + C. (3)
This reaches a maximum at time
tg =
1
n2 − n1 ln
(
n2 − 1
n1 − 1
)
=
1
2(N¯2 − N¯1) ln
(
N¯2
N¯1
)
.
(4)
This is the optimum time to measure the qubit for max-
imal distinguishability. In the singular case that n1 = 1,
corresponding to the cold bath being in its ground state,
then no maximum is achieved since ∆g increases mono-
tonically to the equilibrium value of 1− n−12 .
For times t > t∗ the optimal value of θ is given by
θopt = pi − arccos(BC/(A2 −B2)). (5)
For this choice of initial state the maximum square dis-
tance is
∆2opt = A
2
(
1 +
C2
A2 −B2
)
. (6)
We have therefore obtained a complete solution to the
basic problem, and we now turn our attention to certain
special cases.
For fixed n1, n2 and t > t
∗ the value of BC/(B2−C2)
rises rapidly as a function of time to an asymptotic value
of n−11 −n−12 = ∆∞. (The rise is typically but not always
monotonic - for certain parameter choices it can actually
slightly exceed this value then come back down to it).
Therefore for n1, n2 moderately large or n1 ≈ n2 so that
∆∞ ≈ 0, the optimal choice of state for t > t∗ will be
approximately the maximally coherent state θ = pi/2.
Otherwise, except within a very short time interval, it
will be some coherent state with angle pi − arccos(∆∞).
In the special case of maximal coherence in the initial
state of the qubit, i.e. θ = pi/2 we have
∆2c = A
2 + C2. (7)
It is not simple to find the time at which this is max-
imized. However, for moderately large values of n1, n2
and over the short times we are interested in, the A2
term dominates the C2 term and ∆c reaches its maxi-
mum at approximately the time that A has a maximum,
which is
tc ≈ 2
n2 − n1 ln
(
n2
n1
)
. (8)
This is roughly twice the time at which the corresponding
expression for starting in the ground state reaches its
maximum. Alternatively, we can compare the ground
and maximally coherent state distances for short times:
∆g ≈ (n2 − n1)t (9)
∆c ≈ (n2 − n1) t
2
, (10)
indicating the ground state initial condition increases to-
wards its maximum about twice as fast as the maximally
coherent state.
To obtain some feel for how the coherent trajectories
make for more robust thermometry at longer times, con-
sider the simple special case of n2 = 2n1, for which, at
long times, we have:
∆g ≈ 1
2n1
+
(
1− 1
n1
)
e−n1t (11)
∆c ≈ 1
2n1
+
(
n1 − 1
n1
)
e−n1t. (12)
Thus if the colder bath is actually quite warm, the co-
herent trajectories last longer.
An excited state probe θ = 0 has the feature that the
paths the qubit follows under T1, T2 cross at some finite
time, leading to the cusp-shaped curve (dashed) in Fig.
1(bottom), which occurs when B = C. This occurs ba-
sically because the trajectory r2(t) initially moves faster
down the z-axis of the Bloch sphere (going roughly as
e−n2t) but near the equilibrium point it slows higher up
that axis (since it is hotter). As such, there is a finite
time where the colder trajectory r1(t) catches up and
the two cross.
We now consider briefly the case where we still send
only a single qubit through the bath for a finite time,
but it is initially entangled with a second qubit. After
the interaction the optimal joint measurement on both
qubits is performed. We expect a pure entangled state
to enhance the distinguishability: the higher-dimensional
system has a larger Hilbert space to explore with dou-
ble the number of orthogonal, perfectly distinguishable
states. This has a favourable effect on the state discrim-
ination because of the increased capacity with which to
encode information about the bath.
From numerical study it appears that the optimal state
is not necessarily maximally entangled. This is perhaps
not surprising: Fujiwara [13] concludes that entangle-
ment deteriorates the information contained in the out-
puts of a generalised amplitude damping channel. In his
study, a state of the form
√
1− α|01〉 − √α|10〉, with
α 6= 12 in general, maximises the information about the
rate of dissipation (as measured by the “symmetric log-
arithmic derivative Fisher information”). Temperature
may simply be viewed as another parameter, and so find-
ing that the optimal thermometer is not maximally en-
tangled fits in with previous observation.
Let us consider the maximally entangled case since
it is analytically tractable. If the two qubits a and b
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FIG. 2. (Color online) Normalised distance versus time t
(dimensionless) between the transient states for the case of
the qubit initially in a maximally entangled state, blue (top)
curve, and the best achievable distance for a single qubit,
bottom (red) curve (i.e. the envelope of Fig. 1 (Bottom)).
are initially prepared in the maximally entangled state
|φ+〉 = (|00〉 + |11〉)/√2, after qubit a has interacted
with the bath for time t we find that
ρab(n1, t)− ρab(n2, t) =
1
4
 B + C 0 0 2A0 −(B + C) 0 00 0 C −B 0
2A 0 0 −(C −B)
 .
(13)
The trace distance is then proportional to
∆φ+ := Tr |ρab(n1, t)− ρab(n2, t)|
=
1
4
(
|B + C|+ |B − C|
+ |B +
√
4A2 + C2|+ |B −
√
4A2 + C2|
)
(14)
In Fig. 2 we compare this expression to the example
from Fig. 1, and it is clear that entanglement is providing
a significant advantage. Note at time t ≈ 0.28 there
is a slight kink in the blue (top) curve for ∆φ+ , this
occurs at the time where C = D, i.e. the time that
the two trajectories crossed for a qubit beginning in the
excited state θ = 0. This makes sense if one thinks of the
maximally mixed reduced state of the qubit as a mixture
of ground and excited states.
In conclusion, we have analysed in detail a simple ex-
ample of the general and abstract procedure of deter-
mining how well can we operationally distinguish two
completely positive maps E1 and E2. The general metric
this induces is known as the diamond norm [14]. While
the abstract formulation has great power and sweeping
applicability, we have seen that analysing the details of
the rich dynamics induced by even one of the simplest
maps - generalised amplitude damping - can provide in-
teresting physical insights to as simple and fundamental
a process as thermal equilibration of a single qubit. In
particular, we find that allowing the qubit to thermalise
is sub-optimal. Furthermore, exploiting both quantum
coherence and entanglement enhances the performance
of the single-qubit thermometer.
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